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Abstract 

In this note, we concentrate on the sub-Laplace on the nilpotent Lie group of rank 
two, which is the infinitesimal generator of the diffusion generated by n Brownian 
motions and their "^"^""'"^ Levy area processes, which is the simple extension of the 
sub-Laplace on the Heisenberg group H. In order to study contraction properties of 
the heat kernel, we show that, as in the cases of the Heisenberg group and the three 
Brownian motion model, the restriction of the sub-Laplace acting on radial functions 
(see Definition 13. 5p satisfies a positive Ricci curvature condition (more precisely a 
CD{0, oo) inequality, see Theorem 14.51 whereas the operator itself does not satisfy any 
CD{r, oo) inequality. From this we may deduce some useful, sharp gradient bounds 
for the associated heat kernel. It can be seen a generalization of the paper 22 . 

Keywords: r2 curvature, Heat kernel, Gradient estimates, Sub-Laplace, Nilpotent 
Lie groups. 
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1 Introduction 

The elliptic case 

Let M be a complete Riemannian manifold of dimension n and let C := A. + V/i, wliere A 
is the Laplace-Beltrami operator. For t > 0, denote by Pt tlie heat semigroup generated 
by C (that is formally Pt = exp(t£)). For smooth enough function /, (7, one defines (see 

nf,9) = |V/P = ^iCfg - fCg - gCf), 
r2(/, /) = ^ {CTif, f) - 2r(/, £/)) = I VV/|2 + {Ric - VV/i)(V/, V/). 

We have the following well-known proposition, see Proposition 3.3 in [1]. 
Proposition A. For every real p G M, the following are equivalent 

(i) . CD(p,oo) holds. That is T2{f,f) > pT{fJ). 

(ii) . For t > 0, r{Ptf,Ptf) < e-^P'Pt{T{fJ)). 
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(iii). For t > 0, r(PJ,PJ)5 < e-P'Pt{r{fJ)'2). 

Moreover, in [8], Engoulatov obtained the following gradient estimates for the associated 
heat kernels p{t,x,y) in Riemannian manifolds. 

Theorem B. Let M be a complete Riemannian of dimension n with Ricci curvature 
bounded from below, Ric{M) > —p, p >0. 

(i) . Suppose a non-collapsing condition is satisfies on M, namely, there exist Iq > 0, 

and uq > 0, such that for any x G M, the volume of the geodesic ball of radius to 
centered at x is not too small, Vol{Bx{to)) > vq. Then there exist two constants 
C{p,n,iyo,tQ) and C{to) > 0, such that 

\V log p{t,x,y)\ < C{p,n,uo,to) (^^^^ + 

uniformly on (0, C'(to)] x M x M, where d{x, y) is the Riemannian distance between 
x and y. 

(ii) . Suppose that M has a diameter bounded by D, Then there exists a constant C{p, n) 

such that 

|Vlogp(t,x,y)| < C{p,n) (^j + l^ + pVi^ , 

uniformly on (0, oo) x M x M. 
Recently, X. D. Li [18] has shown that the non-collapsing condition can be removed. 



The hypoelliptic case 

More recent, some focus has been set on some degenerate (hypoelliptic) situations, where 
the methods used for the elliptic case do not apply. Among the simplest examples of such 
situation is the Heisenberg group, denote pt the heat kernel of Markov semigroup Pt at the 
origin o with respect to Lebesgue measures on R^, see [9l[l3l[l4j for the precise formulas. 
H. Q. Li obtain the sharp gradient estimate for the heat kernel pt and the contraction 
property for the semigroup Pt, which generalizes and strengthens the result of Driver and 
Melcher, [7]. 

Theorem C. For any g £M, we have 

\VlogpM9)<^, (1.1) 

where d{g) is the Carnot-Caratheodory distance between o and g. In addition, we have 

V/ G C^m, \ft > 0, TiPtf,Ptf)-2 < CiPt(r(/,/)5). (L2) 

(See also D. Bakry et al. [2j for alternate proofs.) 

The method adopted relies intensely on the precise asymptotic estimates for the heat 
kernel. In the similar way, H. Q. Li and his collaborator in [Ml [151 [IQ] , show that p.ip and 
(II. 2p hold in the Heisenberg type group H{2n,m), see also |16j for the Grushin operators. 
For SU(2) group, F. Baudoin and M. Bonnefont show that a modified form of (jl.ip and 
(II. 2p hold in f^. The author himself shows that the gradient estimate (II. ip holds for the 
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three Brownian motion model in [22], see also [21j for the high dimensional Heisenberg 
group. 

In this note, we shall focus on the nilpotent Lie group of rank two (It can also be 
called the n-Brownian motion model) , which can be seen an another typical simpe example 
of hypoelliptic operator, but the structure is more complex than the Heisenberg (type) 
groups. Up to the author's knowledge, the method of H.Q. Li, [l0]-[16], fails to study the 
precise gradient bounds in this context. 

As the three Brownian motion model [22], we shall first look at the symmetries, that 
is we shall characterize all the vector fields which commute with the sub-Laplace A, see 
Proposition 13. li The infinitesimal rotations are those vector fields which vanish at the 
orgin o and a radial function is a function which vanishes on infinitesimal rotations. In 
this case, although the Ricci curvature is everywhere — oo, refer to |1H [2]. we shall prove 
that the r2 curvature is positive along the radial directions, as it is the case for the 
Heisenberg group and three Brownian motions model, see Theorem 14.51 The difficulty for 
general n(n > 3) is that it is not easy to prove the positive curvature property directly 
even in the case of 4 Brownians motion model, since it is not easy to get the explicit, well 
organized solutions to the linear equations as the ones in the Proposition 3.1 in [22]. Even 
it is getting more and more complex as n grows. Inspired by the work of T. Melcher, 
c.f. [20], we will firstly prove heat kernel inequality for radial functions (see definition 
13. 5p . and hence the positive property of Bakry-Emery r2 curvature holds along the radial 
directions. As a consequence, the same form of gradient estimate (jl.ip holds by combining 
the method developed by F. Baudoin and M. Bonnefont in [4] with the method in |14j . 
It is worth recalling that in [3j, D. Bakry et al. have obtained the Li-Yau type gradient 
estimates for the three dimensional model group by applying r2-techniques which plays 
an essential role in the paper. In our setting, it is easy to see that this type of gradient 
estimate also holds. 



2 Nilpotent Lie group of rank two— n— dimensional Brownian 
motion model 2 

Let us recall the definition of nilpotent Lie group of rank two, see [9l I24|. 

Definition 2.1. A linear space q is a nilpotent Lie group of rank two if Q = Vi®V2, where 
Vi, V2 are vector subspace of q, satisfying V2 = Vi ® Vi, [Vi, V2] = and [V2, V2] = 0. We 
denote ^n,2 the nilpotent algebra with n generators, denote Nn^2 the simple connected Lie 
group of rank two with the algebra ^n,2- 

Suppose Vi is spanned by Xi, 1 < i < n and V2 is generated by Yij := [Xi,Xj],i < j. 
In this case, we have =0, 1 < i < j < n,l < k < n. The nature sub-Laplace 

operator is defined by 

n 

A = ^Xf. (2.1) 

i=l 

Under the certain exponential map on A'^„.2, without loss of any generality, we can 
assume Xi, Yik has the following form, see Lemma 4.1 in [9], 

Xi =di + \ {Y.k<i ^kdki - T.k>i Xkdikj , ^2 2) 

^ik dikj 
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for 1 < i,k < n, with the notation di = dik = iS~- The reason why we call it 
the n Brownian motions model is that is the infinitesimal generator of the Markov 
process ({-Bj}i<i<„, {i BidBi+i- Bi+idBi]i<i<n) ■, where {-Bi}i<j<„ are n real standard 
independent Brownian motions. 

By convention, for all f > 0, denote Pt := e*^ the associated heat semigroup generated 
by the canonical sub-Laplacian A, pt the heat kernel of Pt at the origin o with respect to 

n(n + l) 

the Lebesgue measure on M 2 

For any function /, g defined on Nn,2-, the carre du champ operators are, see [Tl, '12], 

r(/,<7) :=i(A(/g)-/A<7-5A/) 



1=1 



and 



r2(/,/) :=^(Ar(/,/)-2r(/,A/)) 



{X.Xjff + 2 ^ XjfXiY.jf - XifX,Y,jf. 



Here the mixed term Yli<j ^jf^i^ijf ~ X-JXjYijf prevent the existence of any constant 
p such that the curvature dimensional condition CD{p, 00) holds, see [11]. Nevertheless, 
we have the following Driver-Melcher inequality, see [71 [19] , 

r{Ptf,Ptf)<CPtr{fj). 

for some positive constant C. The constant C here can be expressed explicitly following 
the method in [2j by dilation equation. For the Bakry-Emery heat kernel inequality (II. 2p . 
the methods deeply rely on the precise estimate on the heat kernel pt and its differentials 
(see [m [21 do]). Up to the author's knowledge, these precise estimates are not known for 
the model A^n,2, neither the heat kernl inequality (|1.2p (or so-called H. Q. Li inequality). 
Nevertheless, we shall prove that one of the key gradient estimates (II. ip holds, which 
would be a first step for the proof of the H. Q. Li inequality in this context. We remark 
that it does hold for radial functions, see Proposition 14.31 see also [,20j for some other 
function classes. 

_^ _^ n(n — l) 

For the heat kernel pt, we have the following property, for x E M", y S M 2 ^ see [9], 

ptix,y) = t-'^'l^pi{x/Vt,y/t), (2.3) 
hence it is enough to study the heat kernel pt at time t = 1. For t = 1, we have for 

n(n — 1) 

x = (2:1, ••• .XnY G M", y = (yi2,--- ,yn-i,n) e , see P. 125, Theorem 1 in [9], 

p{x,y) :=pi{x,y) = {2tt) ~ / exp I -i^atiyki ) V'j(A, f) dafc;, (2.4) 



where 

-P27-I ( ■ 1 P2j-l\ ^ I (f^*^)27-l + (^*^)2-i -P27-1 ,, P'^ 



Lpj{A, x) = — ^ smh — ^ exp coth ■ 
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with A is an antisymmetric matrix with the entries {aki}k<i in the upper triangular and O 
is the orthogonal matrix satisfying Q^A^l = P, where P is a antisymmetric matrix formed 
by diagonal block of 

P2k-l\ , ^ i.^^ -f ■ 

and if k is odd, !</;;< [^], the last block is 1 x 1 zero matrix, where iP2j-i {P2j-i G I^"*") 
is the eigenvalue of the antisymmetric matrix A. Without loss of any generality, we can 
assume Pi > P3 > ■ ■ ■ > ^2[|] ~ 1- 

The natural distance, induced by the sub-Laplace A, is the Carnot-Caratheodory dis- 
tance d. As usual, it can be defined from the gradient operator T only by, see [H 

d{gi,g2)-= sup f{gi)-f{g2)- (2.5) 
{/:r(/)<i} 

For this distance, we have the invariant and scaling properties, see I24|. 

d{gi,g2) = d{g2^ 051,0) := dig^^ o g^), and d{-/x,'y^y) = 'yd{x,y), 

n{n— 1) 

for all 51,52 G Nn,2, 7 G M+ and f G M",y G . 



3 Radial functions 

In this section, we will give the precise definition of radial functions. To this end, we study 
the rotation vectors in Nn,2- 

Denote T be the linear space for such vectors (spanned by the vectors Xi,Yj, 1 < 
i,jlen), which commute to the sub-Laplace A. Now we trivially know that for i < k, Yik 
commutes to A since Yik commutes to Xi. Actually, there are lots of vectors who share 
this property. For simplicities, for 1 < i < j < n,, denote 

Oij = Xjdi-Xidj+ ^ ykjdki-ykidkj+ ^ yikdkj-ykjdik+ ^ yjkdik-yikdjk, (3.1) 

l<fc<j i<k<j j<k<n 



and 

X,, = di 



^ ( ^ Xkdki - ^ Xkdik j . 

\A:<i k>i / 



In fact, {Xj}i<j<„ {{Xi}i<_i<_n) can be called the left (right) invariant vectors respectively. 
For the vectors Oij, we have the following Lie relations: for l<i<j<k<n, 

[^ij,(^ik] = (^jk- (3.2) 

Let us state the main result in this section. 
Proposition 3.1. 

T = Linear{Xi,Yi,6ij,l < i,j < n}. 
Here Linear means the linear combination of vectors, with the constant coefficients. 
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Remark 3.2. In particularly, for n = 2, this case is called the Heisenberg group, we can 
actually induce a group act such that Xi are corresponding to the left vector fields, see 
13, El Wi- In this case we have diniT = 4, and T = Span{Xi,X2,Y, 6}, where 

Xi = dr,^ + ^2 = 9^'2 - yf^y, e = xidx2 - X2dx^. 

Here "Span" means the linear combination with the constant functions. 

For n = 3. Actually, with changing the sign, we can also introduce a group act such 
that Xi are corresponding the left vector fields. Explicitly, see 

Xl=dl + yFs - yy2; 

Xi = d^ + ^Y, - ^Yr, 
Xs = ds + ^Y2-^Y,, 

where Xi are the right vector fields, Yi = dy,. := di. In this case, we have 

T = Linear{Xi, Yi, 9i,l < i < 3}, 



Xi 


= di- 




X3 




2 


X2 


= d2- 




Xi 

2 


X3 


= d3- 




2 



where 



01 = X2d3 - X3d2 + ^2^3 - 2/3^2, 

02 = xsdi -xid3 + y^di - 

63 = xid2 - X2di + yid2 - y2di. 



It has been shown in 



To proof this Proposition, suppose any vector X = "^-OiXi + Yli<j ^ij^ij^ satisfying 
[A,X] = 0, where the functions in {x.,y..}. Denote Wij = XiXj + XjXi, then 

XiXj = \{Wij + Yij). Note that 

[A,X] = XfajXj + 2X,ajX,Xj + 2ajXiYij 

id 

+ X^bijYij + 2XkbijXkYij 

i<j,k 

= XfajXj + ^(X^aj + Xja,)Wij + 2XiaiXf + J](X,Oj - XjOi + ^ Xkbij)Y^j 

i,j i<j i<j k 

+ 2 ^^(oj-Xjl^j — OiXjYij) + Y^ 2XkbijXkYij + 2 XibijXiYij + 2 XjbijXjYi 



thus we have 



i<j kfti,j,i<j i<j i<j 



^Xfa, =0, (3.3) 

i 

XiOj = -XjOi, XiOi = 0, (3.4) 

Y = 2Xjai, i < j, Xkbij =Q,k^i,j, i < j, (3.5) 

k 

Xibij = -Oj, i < j, Xjbij = ai,i < j. (3.6) 
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Lemma 3.3. ai,l < i < n are linear functions in {xi, 1 < i < n}, they are independent 
on {yik,i < k}. 

Proof. Stepl: For fixed i, j > i, [Xi,Yij] = 0, Combining (|3.5p . we have for i ^ k,l,k < I, 
XiYijhki = YijXihki = 0. Since Yij = [Xi,Xj\, again using tlie fact (j3.5p . we have 
XfXjbki = 0, i k,l,k < l,i < j. By choosing / = j, and using the fact ()3.6p . 
we have Xfa^ = 0,k < j,k i. In the same way, we have Xfai = 0, i < j < I. 
Combining (|3.4p . we have 

Xfaj = 0, for l<i,j <n. (3.7) 



Step2: Again for i < j,l, [Xi,Yij]bii = 0. By the fact that = Yij and ()3.6p . we 

have XfXjbii + XiXjQi = XjXiai — XiXjai. Again we use the fact that XfXjbu = 0, 
which has been proved above, we get 

2XiXjai = XjXitti, for i < j, I. 

For i < j <l, start from the fact that [Xj,Yij]bji=0, we have 

2XjXiai = XiXjtti, i < j <l. 

Combining the above two equations, and (j3.7p we have 

XiXjOi = XjXiOi = 0, i < j <l. 

Using XiOj = —XjOi, we have 

XiXjOi = 0, l<i,j,l < n. (3.8) 



Step3: By the fact that Yij = [Xi,Xj], with (j3.8p . we have Yijai = 0, for 1 < / < 
n, i < j. Thus {afc}i<fc<n is independent on {yik}i<i<k<m that is Ok is the function 
in {xi}i<i<n- From the definition of X^, we have X^aj = d^aj. By (|3.8p . i.e. for 
1 < i,k < n, dfak = 0, thus we can conclude Ok in linear function in Xj. 

□ 

Thus we can give the explicit expression for Oj, for 1 < i < n, 

n 

Oi = ^ AijXj + Bi, (3.9) 
i=i 

where Aij,Bi are constants and Aij satisfies Aij = — Aji. 
Note that we can write 

n 

X = ^aidi + ^ Cijdij, (3.10) 

i=l i<j 

with Cij = bij + ^{ttjXi — OiXj). We have the following Lemma 
Lemma 3.4. For 1 < i,j < n, Cij are linear functions in {x.,y..}. 
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Proof. With the relation between bij with Cij and the fact XiOi = 0, we have For i < j, 
Xibij 







1 


1 




-aj <= 


2«^- = 


2 






1 


1 


Hj 


= Oj <S= 


=^ —a-i = 
2 


2 


bij 


= ^ 







(3.11) 



{xiXkaj - XjXkai), k / 



Using = Yij, the expression (|3.9p and (|3.11|) . through computation, we have, for 

^ < i < j < n, 1 < k < I < n, 



'Ah 


l<i<j= 


k < I <n 




l<k <i = 


I < j < n 




1 <i,k < j 


= I < n; 




l<i = k < 


j, I < n; 


.0, 


others. 





(3.12) 



Combining p. lip with (|3.12p and the definition of Xi , through computation we have. 



diCM 



-\Bi, i = k; 



(3.13) 



others. 



()3.12p and (I3.13P yield that for 1 < i, j < n, degCy < 1 and we have the explicit expression 
for Ckh for k < I, 



Ckl 



-^BiXk + ^BkXi+ ^ Aiiyik+ ^ Ajkyij+ ^ Akiyu + ^ A^y^j + D^h 



l<i<k 



l<j<n 



l<i<l 



k<j<n 



(3.14) 



where Df^i are constants. Combining ()3.9p . for 1 < i < j < n, choose A. 



-A 



1 

(respectively Dij = 1), the other constants 0, we have X = Oij (respectively Yij). And for 
1 < i < n, choosing Bi = 1 and the other constants 0, we have X = X^. 
we complete the proof. 

□ 

Proof of Proposition \3.1i By the above Lemmas, we easily complete the proof. In the 
concrete case of n = 2, 3, from the equations (13. 9p and (I3.14p . we can easily conclude. 

□ 

Definition 3.5. A function f : Nn,2 IRj is called radial if it satisfies Oijf = 0, for 
all 1 < i < j < n. 

Remark 3.6. (i). By the Lie relations i3.^} . f is radial if and only if 9ikf = 0, for all 
1 < k < n. Clearly, constant functions are radial. 



(a). If both f,g are radial, so do kif it k2g, f ■ g, for ki, k2 € 
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(Hi). In particular the heat kernel {pt)t>o is radial. The reason is that for any function 
f , 1 < k < n, OikfiO) = and {6'iA;}i<fe<n commute with A, whence they commute 
with the semigroup Pf = e*^. Hence, for any function f , one has PtOikf = 0? which, 
taking the adjoint of 0ik under the Lebesgue measure, which is —Oik, shows that for 
the density pt of the heat kernel at the origin o, one has Oi^Pt = 0. This explains 
why any information about the radial functions in turns give information on the heat 
kernel itself. 

(iv). In the Ph.D thesis of T. Melcher IW^, the radial definition f is defined by f{x,y..) = 
g{\x\,y..) for some smooth enough g. One defect in this definition is that the heat 
kernel pt is not radial. To some extent, our definition of radial functions is more 
reasonable. 

4 r2 curvature 

In this section, we will prove the associated r2 curvature is positive on Nn^2- It generalizes 
the same property for the three Brownian motion model A''3^2 (c-f- [22], Proposition 3.1.). 
Up to the author's knowledge, the method adopted in [22] is not adapted easily in our 
setting, since it is not easy to express the solutions to the associated "^"^"'''^ equations 
regularly, even in the case of n = 4. To say nothing of proving the nonnegative property 
of r2 curvature. Either it is hard to find out the certain parameter variables on which the 
radial functions depend for the case of n > 3 (We remark here that in the case of n = 3, 
radial functions depend on the norm of x, y, and their intersection angle {x,y)). Inspired 
by the ad hoc methods adopted in Section 2.9.2 in the thesis of T. Melcher, c.f. |20) . 
we will prove heat kernel inequality for radial functions /, and hence the nonnegative 
property for r2 curvature holds along the radial directions. 

For simplification, denote the following two gradient operators 



V/ := (Xi/,X2/,--- 



X„/),V/ := (Xi/,X2/,--- 



Xnf). 



Let us first to the following key Lemma. 



Lemma 4.1. For any radial function f, we have 



n 



n 




(4.1) 



i=l 



i=l 



Proof. Recall that 




and 




Hence 
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and 

n n / \ 



i=l i=l \k<i k>i 



where * is sum of square of dif and | {^k<i^kdkif — '}lk>i^kdikf^ ■ Thus to proof the 
desired result, we only need to prove 

I ■=Y.^if [Y^Xkdkif - Y^xAkf] =0. (4.2) 

i=l \k<i k>i / 

Notice that 

n i—\ n n 

i=l k=l i=l k=i+l 

n n n n 

k=li=k+l 1=1 k=i+l 

n n n n 

= X X ^i^kfdikf - X X ^kdifdikf 
i=l k=i+l 1=1 k=i+l 

n n 

= X X ^^i^i'f ~ ^kdif) dikf, 

i=l k=i+l 

where equality (1) follows from the exchange between i and k in the first term. Since / is 
radial {9ijf = 0), by rotation vectors 6ij defined in (13. ip . we have 

n n 
i=l j=i+l 

n n / i—1 j—1 

= X X ^^^H ^iVkjdkif - Vkidkjf) + X iVikdkjf - Vkjdikf) 

i=l j=i+l \ k=l k=i+l 

\ 

+ X (yjkdikf - y-ikdjkf) I 

k=j+l I 
n n i—1 n n j—1 

= IZ X ^VkAifdijf-Y^ X ^Vkidkjfdijf 

i=l j=i+l k=l 1=1 j=i+l k=l 

n n j — 1 n n j—1 

+ X X X Vikdkjfd^jf X X Vkjdikfdijf 

i=l j=i+l k=i+l 1=1 j=i+l k=i+l 

n n n n n n 

+ X X X Vjkdikfdijf X X Vik^jkfdijf 

i=l j=i+l k=j+l 1=1 j=i+l k=j+l 

■.= h+l2 + h+h + h+h. 

By change the order of summation, we have 

Ii = —I&ih = —hih = —h- 
Thus we finish the proof. □ 
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Remark 4.2. The relation j[ j holds for any functions, which satisfies i4-^ - We would 
like to recommend the readers to the Proposition 2.28 in T. Melcher 's Ph. D thesis 120^ 
for other class of functions satisfying ( |^. 

Now let us statement the heat kernel inequality for the radial functions, where the 
right invariant vector fields play an essential role. 

Proposition 4.3. For any radial function f £ C'^{Nn,2), we have, for any t>Q, 

|VPi/| < Pt{\Vf\). 

Proof. Recall that for any function /i, at the origin a G Nn,2-, we have V/i = V/i. It follow, 
for radial function / G C^{Nn,2), 

\vPtf\{o) = \Ptyf\{o) 

= Pti\Vf\){o), 

where the last equality follows from the Lemma |4.1[ Thus 

\VPtf\{g)<Pt{\Vf\){g) 
holds for any g £ Nn,2 by translation invariance. □ 
Remark 4.4. The above Proposition can he compared with the Proposition 2.28 in 120^ . 

As a consequence, we have the following 
Theorem 4.5. For any compactly supported smooth, radial function f , for any t > 0, 

(i) Positive curvature property. T2{f,f) > 0. 

(ii) LSI inequality. Pt{f log f){g) - Pt{f)\ogPt{f){g) < tPt {g). 



f 

(Hi) Isoperimetric inequality. Pt{\f - Pt{f){g)\){g) < 'i^/iPt{T{f )^){g). 

Proof. By Proposition 14.31 (i) follows from Proposition A, (ii) and (Hi) follow from The- 
orem 6.1 and Theorem 6.2 in [2]. □ 

5 Gradient bounds for the heat kernels 

As done in plj, we have the following Li-Yau type inequality holds. 

Proposition 5.1. There exist positive constants Ci, (72,6*3 (dependent on n) such that 
for any positive function f, if u = log Ptf, we have 

dtu > CiT{u) + C2t Yl - 

l<i<j<n 

Proof. Since the proof closely follows [3j, we skip the proof. We would like recommend 
the readers' to [3] and the interesting paper [5]. □ 
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As a consequence, we have the following Harnack inequality: There exist positive 
constants Ai, ^2 (dependent on n, see [5] for exact expression for Ai, A2), for t2 > > 0, 
and 91,92 ^ A'n,2, 

Ftr\yu < ^ g^2 , (5,1) 



Pt2{92) \ti 

Let us state the first result of the gradient estimate for the heat kernel. 

Proposition 5.2. There exists a constant C > (dependent on n) such that for t > 0, 
g = {x,y) G Nn,2, 



x/r(iogp*)(5)<c(^ + i=) 



where pt{g) denotes the density of Pt at and d{g) denotes the Carnot-Caratheodory 
distance between and g. 

Proof. Following [4J as in [22], for < s < t, let ^{s) = Ps {pt~ s ^og pt- s) , we have 

= Psipt-sTilogpt-s)), ^"(s) = 2Ps{pt-sT2ilogPt-s))- 
By Theorem 14.51 ^" is positive, whence is non-desceasing, thus 



<l>'{s)ds > -^>'(0). 
Jo 2 



That is 

2 

Ptr{logpt) < -{Pt/2{Pt/2'^ogpt/2) -ptlogpt). 

The right hand side can be bounded by applying the above Harnack inequality ()5.ip and 
the basic fact Pt/2{g) ^ Pt/2(o), for all g G A^n,2- We have 



Vr(iogp,)(5)<c(^ + i=) 



□ 



Proposition 5.3. For g = {x,y) G Nn,2 satisfying d{g) < 1, there exists a positive 
constant C (dependent on n), such that 

Vnp){g)<cd{g). 

Proof. Recall that we have the precise expression of the heat kernel, see ()2.4p . To estimate 
T{p){g), denote the orthogonal matrix Q = {uJij)i<ij<n, which appear in the ipj{A,x) in 
(pTj]) . we have 

|^,(Af)|<%i(sinh%i)-i 



\d^^M^x)\ < {^f{sinh^)-'coth^{ul2^_,+ul2,)\x,\ 
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It yields, for 1 < i < n, 

d^x, y) < (2vr)-^ / H ^ coth %i(a;f,,,_, + u^,,^)\x.\ J] da,, 

J^^^ j=i ^ ^ j=i ^ ^ k<i 

[-] 

<(2vr)-^|x.| ^coth^n%i(sinh%i)-n^«- 



where we use the fact that for 1 < i < n, '}2i<j<2[-]~i^ij — which is the consequence 
of the fact that 0, is orthogonal matrix. Also we have for k' < I' , 



_ n(n + 2) 

dk'i'P{x,y) < {2tt) — 



P P 

/ n(n-l) |Qfc'/'| TT^^(si'^^^^)~^TT^"fc'- 



It follows, 

n 

En(n-\-2) 
\X,p\<{27t) —\x\iWi + W2), (5.2) 

i=l 

where 

^1= |^coth^n%i(sinh%i)-n^«- 

and 

W2= „(n 1) y^l«fcFlTT^^(sinh^^)~^"n"^"fe' 
with the restriction 

[fl 

k<l j=l 

which follows from the fact that both sides are the half of the trace of —A^ = A^A. Note 
that for 1 < j < [^], P2j-i ^ \/« and (sinhx)"^ < 4e~^ for \x\ > ^, we have for positive 
constants Ci , C2 , 

/" [ ^ ]+i 

VFi < Civol{Bi{0)) + C2 a^e-'^Yldau 

■^^no) t<i 

which is obviously bounded. Similarly, we have W2 is bounded. 

Combining with (|5.2p and the fact |x| < d{g) < 1 (see [23]), we have 

VnpM < Ci\x\{Wi + W2) < C2\x\ < Cd{g). 

□ 

Here is an analogue result of Theorem B in the case A^ri,2- 

Proposition 5.4. There exists a constant C > (dependent on n) such that for i > 0, 
g = {x,y) £ Nn,2, 

Vr(iogp,)(,) < 



13 



Proof. Taking t = 1 in Proposition 15.21 we have 



y'T{logp){g)<C{d{g) + l). 

If d{g) > 1, it is trivial to get the desired result from the above gradient estimate. For 
the case d{g) < 1, note that the heat kernel is bounded below by a positive constant (see 
|24|). combining with Proposition 15.31 we have for some positive constant C (dependent 
on n), 

T{logp){g) < Cd{g), g G iV„,2. 
The desired result follows by the time scaling property (|2.3p . □ 

Remark 5.5. In a forthcoming paper, we shall study the gradient estimates for the heat 
kernels of the sub-elliptic operators, which satisfy the generalized curvature dimension 
inequalities CD{pi, p2,k,d) introduced by F. Baudoin and N. Garofalo in 
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